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Motivation

Thermodynamic analysis of the transport processes in the hydrogen fuel cells
(HFC) is oriented to the following items:

I to formulate adequate global theory of the transformation of chemical
energy into electricity and analyze the possible maximum e�ciency

I include all relevant internal processes like electro-osmotic coupling,
chemical degradation, etc.,

I to derive the entropy production for the HFC and to de�ne all relevant
thermodynamic forces and �uxes for the HFC performance,

I to �nd the maximum coupling between di�usion �ux end electric �ux

and consequently to estimate the maximum e�ciency of the
transformation of the chemical energy into electricity,

I to formulate the relation of the reactants and products transport to the
global HFC e�ciency.



HFC structure and corresponding relevant processes.
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Balance of enthalpy-alternative form of the balance of
energy, non-volumetric work application

Deformation tensor

e = eel + edis and ∇v = del + ddis

the enthalpy for solids and �uids

h = u − t

ρ
eel for solids, h = u +

p

ρ
for �uids

I. Law of thermodynamics has with respect to the above decomposition the
alternative form

ρḣ = −ρeel
˙(
t

ρ

)
+ tėdis − div q + jeE + ρE

˙(
P

ρ

)
+ ρB

˙(
M
ρ

)
+ Q

EX

Ḣ − Q̇ =

∫
V

[
−ρeel

˙(
t

ρ

)
+ tėdis + jeE + ρE

˙(
P

ρ

)
+ ρB

˙(
M
ρ

)]
dν + Q

EX

dH − dQ = Vdp +
∑
α

µαdNα classical form



Entropy balance-general concept
For all real cyclic processes C running in the system V during which

is possible measured in each moment the temperature T , has to

ful�ll the inequality∮
dQ

T
=

∫ t2

t1

Q̇

T
dt ≤ 0 Clausius inequality

i.e., some amount of heat has to be removed from the system

Entropy is de�ned by the inequality

TdS = TdSir + TdSeq ≥ dQ for TdSeq = dQ

TṠ = TṠir + TṠeq ≥ Q̇ for TṠeq = Q̇

Ṡ − J (S) = P(S) ≥ 0 II. Law of Thermodynamics

for S =

∫
V
ρsdν, J (S) =

∫
∂V
− q

T
da+

∫
V

q̃

T
dν,

P(S) =
∫
V
σ(S)dν ≥ 0 entropy production is always positive



Reversible and irreversible processes

∮
dQ

T
=

∫
2

1

dQ

T︸ ︷︷ ︸
ir⇔dQ=0

+

∫
1

2

dQ

T︸ ︷︷ ︸
eq⇔TdSeq=dQ

= S(1)−S(2) ≤ 0 or S(2) ≥ S(1)

All periodic processes are composed from the irreversible part "ir"and

reversible part "eq". The entropy of isolated system reach maximum.



Stability of the equilibrium (reference) state

The entropy closed the equilibrium state is

S = Seq + dSeq +
1

2
d2Seq + · · ·

time derivative Ṡ = Ṡeq +
˙
dSeq +

1

2
˙

d2Seq + · · ·

and from entropy balance follows

Ṡeq +
˙
dSeq − J (S)︸ ︷︷ ︸
→0

= −1

2
˙

d2Seq + P(S)︸ ︷︷ ︸
→0

Stability of the equilibrium (reference) state is satis�ed by the

conditions:

I Ṡeq = J (S) ˙
dSeq = 0 maximum (in steady state J (S) = 0)

I 1

2

˙
d2Seq = P(S) ≥ 0 stability



Entropy �ux and entropy production.

Entropy �ux is induced the heat �ux jq and by the di�usion �uxes

of fuel and wastes, with the partial chemical potentials µα and

enthalpies hα

j(s) = jDαsα +
jq

T
=

(jq −
∑

α jDαµα +
∑

jDαhα)

T
(1)

The entropy production (2) is a bilinear form

σ(s) =
∑
γ

JγXγ ≥ 0 (2)

where Jγ are thermodynamic �uxes and Xγ are thermodynamic.

The last inequality is an alternative form of II. law of

thermodynamics.



Entropy production for chemically reacting mixture

Typical form of transport processes J and their driving forces X in
the chemical devices. Corresponding entropy production is

P(S) =
∑

γ JγXγ ∼
1

2

˙
d2Seq ≥ 0

Flux Jγ Force Xγ

heat �ux jq ∇
(
1

T

)
-heat release

thermodi�usion jDαhα ∇
(
1

T

)
-fuel delivery

concentration di�usion jDα

(
∇µα
T

)
-water dif. in PEM

electric current je,α
Fα
T = − zαF

MαT
∇φ -proton �ux

electric �eld induced ρ(E− Eeq) 1

T

˙(
P
ρ

)
-change of polarization in PEM

magnetic induced ρ(B− Beq) 1

T

˙(
M
ρ

)
-change of magnetization in PEM

visco-plastic processes for solids tdis
(
T , d, ṫdis

)
d
T

viscosity tdis −
∑
α ραvDα ⊗ vDα

(o)
d
T

swelling tdis α·∇( 1

T ) vDα

capillary �ux jDc
ΓcΓcΓc
T = + 1

T∇(σ · a)

chemical reaction ζ̇ρ
Aρ
T - at CL and GDL

and phase transition



Relation between entropy production and damping of
�uctuations

The entropy is convex function of its parameters, which �uctuates

around the stable reference state S0 or around the equilibrium state

Seq.

The probability of �uctuations is Pr ∼ exp

[
S−Seq

k

]
= exp

[
d2Seq
2k

]



Global form of the energy balance for chemical devices

The change of the enthalpy ∆H of the whole FC is

T∆S = T (∆Seq + ∆Sir ) ≥ ∆Q = ∆H + W̃e ,

where ∆Q is the heat release during FC operation and it is induced mainly by
the chemical reactions. ∆Q < 0 for the heat outgoing from the system. The
alternative formulation of the balance of energy is by the Gibbs free enthalpy
∆G = ∆H − T∆Seq − Seq∆T , so that the equation has the form

∆G ≤ −Seq∆T − W̃e + T∆Sir .



HFC structure and corresponding relevant processes.
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Entropy balance for the fuel cell

The energy balance for non-volumetric work Ẇ e is formulated by the enthalpy
H

Jq + JDh = Ḣ + Ẇ e ,

where Jq is the heat �ux and JDh is the enthalpy �ux. The entropy balance is

Ṡ − J (S) = P(S) ≥ 0, for J (S) = Jq(S) + JDh(S) + JDg (S).

The global entropy production P(S) =
∫
V σ(s)dν ≥ 0 is always positive and

corresponding heat is continuously removed from the system by the heat �ux

Jq(S). The entropy production P(S) ≥ 0 is compensated by the �ux of the

negative entropy (fuel delivery) which is composed from the enthalpy �ux

JDh(S) ≥ 0 or from the Gibbs free enthalpy �ux JDg (S) ≥ 0.



E�ciency power dependency � global approach I

Energy conversion in the closed cycle at constant enthalpy .
Electrolyser � the incoming energy �ux contains the energy Ẇ1 e needed for the
chemical reactions (e.g., water decomposition) and corresponding heat loss is
Q̇1 out , so that Q̇1 in = Q̇1 out + Ẇ1 e .
FC � the outgoing energy ˙W2 e contains the electric power accompanied by the
heat Q̇2 out , so that Q̇2 in = Q̇2 out + Ẇ2 e .



De�nitions of e�ciencies I

For the ∆Sir = 0 the maximum possible e�ciency of a chemical transformation
is

ηth =
−W̃e

∆H
=

∆G

∆H
+

Seq∆T

∆H

∣∣∣∣
T=const

=
∆G

∆H
.

The incoming power is ∆̇H in = Veq T ,pzeFṄH2 in and measured outgoing power

is Ẇ act = Vcell I . The measured actual e�ciency by means of the polarization
curve is

η = − Ẇ act

∆̇H in

=
∆̇G in

∆̇H in

(
1 +

T ∆̇S ir

∆̇G in

)

= − Ẇ nv

∆̇H in

Ẇ act

Ẇ nv

= η0ηm =
Vcell

Veq T ,p

ṄH2 in

ṄH2 act

=
Vcell

Veq T ,p

I

zeFṄH2 act︸ ︷︷ ︸
fuel utilization

.

Veq T,p = −∆G
2F = 1.184 V is equilibrium cell potential at temperature T = 353 K, pressure

p = 101.3 kPa for pure hydrogen and air. Theoretical e�ciency ηth =
Veq T,p
1.482

= 0.7989 ' 0.8.



De�nitions of e�ciencies II � e�ciency splitting

The hypothetical (endoreversible) FC e�ciency is de�ned as

η0 = − Ẇ nv

∆̇H in

.

We consider that hypothetical FC ( PEM especially) convert all incoming Gibbs

free enthalpy into electric power, i.e., Ẇ nv = − ˙∆Gin and is connected with the
reactants delivery and products out�ow and does not depend on the actual
chemical energy transformation. The membrane e�ciency is

ηm =
Ẇ act

Ẇ nv

= −Ẇ act

˙∆Gin
= 1 +

T ∆̇S ir

∆̇G in

≤ 1

and describes the transformation of the chemical energy ˙∆Gin into electric

energy through the dissipation T∆Sir .



E�ciency power dependency � global approach II

We suppose the closed cycle, it means that the change of the total enthalpy is
zero (Ḣ = 0) and the energy balance becomes

Q̇in − Q̇out = Ẇe = −T ∆̇S + ∆̇H = − ˙̃
We ,

for e�ciency η =
Ẇe

Q̇in

heat �uxes are Q̇in =
Ẇe

η
, Q̇out =

1− η
η

Ẇe .

The �nal form of the entropy balance for the electrochemical device is

Q̇in

T3
− Q̇in

T4
+

Ẇe

T4
−

˙∆Gin

T4
= 0, (−P(S) ≤ 0).



E�ciency power dependency � global approach III

The heat and enthalpy �uxes between the di�erent temperatures are driven by
the temperature gradients

∫
∂V(jq +

∑
α jDαhα)da = J ∼ ∇T ,

Q̇in = Jq3 + JDh3 = γH(T1 − T3), Q̇out = Jq2 + JDh2 = γL(T4 − T2),

for γH = αH + βH , γL = αL + βL.

The relation between the total e�ciency η = Ẇe act/Q̇in and the actual electric
power is the relation between the total e�ciency η and the actual electric

power is

ẇe act =
η[(1− ηm)η − τηm]

ηm(1− η) + γ0η
for η = η0ηm, γ0 =

γL
γH + γL

< 0



Typical form of the e�ciencies
The comparison of the FC e�ciencies for typical HFC with

ηth = 0.8, Ẇe, ref = γHγ0T1 = 2Wcm−2, γ0 = −0.5, γH = −0.01

η = η0ηm|ηm→1 = η0, and η0(ẇnv � 0) ' ηth
1− γ0

,

for τ = ηth(1− ηm)|ηm→1
and γ0 < 0



Maximum e�ciency and maximum power of FC

For the open circuit conditions (ẇe act)→ 0) the membrane

e�ciency goes to the value ηm = 1− (τ/ηth).

∂ẇe act

∂ηm

∣∣∣∣
γ0=0,η0→ηth, τ→0

= 0, ηmmax =
1−
√
1− ηth
ηth

where η = η0ηm =
τηm

1− ηm

∣∣∣∣
ηm→1

= η0|ηm→1 = ηth

Theoretical maximum e�ciency of the membrane depends on the

ηth only and the corresponding theoretical maximum power output

is

ẇe max = (1−
√
1− ηth)2

and depends as well on the ηth only.



Maximal FC e�ciency

Dependance of the e�ciency η = η0ηm on the power density ẇe, act for

Ẇe, ref = 1Wcm−2, Ẇe,max = 1Wcm−2, γ0 = −0.5 for the di�erent fuels.

Theoretical maximum e�ciency of the membrane depends on the ηth only

∂ẇe act

∂ηm

∣∣∣∣
γ0=0,η0→ηth, τ→0

= 0, ηmmax =
1−

√
1− ηth
ηth

where η = η0ηm =
τηm

1− ηm

∣∣∣∣
ηm→1

= η0|ηm→1 = ηth



Maximal FC e�ciency for di�erent fuels
Reaction enthalpy Gibbs enthalpy e�ciency max. max.

−∆H [kJmol−1] −∆G [kJmol−1] ηth = ∆G
∆H [1] e�c, [1] power [1]

H2 + 1/2O2 →
H2O liq 286.0 237.13 0.829 0.707 0.343

H2 + 1/2O2 →
H2O gas 241.8 228.6 0.946 0.811 0.589

CO + 1/2O2 →
CO2 283.1 257.2 0.909 0.768 0.487

CH3OH + 3/2O2 → 726.6 702.5 0.967 0.846 0.669
CO2 + 2H2O liq

CH4 + 2O2 → 802.4 800.9 0.999 0.969 0.937
CO2 + 2H2O gas



Coupling coe�cient de�nition

For water activity aw in PEM and for electric potential φ the

coupling between water di�usivity and proton conductivity is

jDw = −ρDw∇aw −
LwH+F

TMH+
∇φ water �ux

jDH+ = ie
MH+

F
= −LH

+wR

Mwaw
∇aw −

MH+σp
F
∇φ proton �ux

For Grotthus mechanism is LwH+ → LwH3O+ . The cross coe�cient

LH3O+w = q
MH3O+

F

√
ρwMwT

R
Dw σp

represents the electro-osmotic coupling by the "coupling

coe�cient"q.



Proton conductivity and water di�usivity dependance on
water activity aw in PEM without coupling

Benziger J. et all : Struct Bond 141: 85-113, 2011

Proton conductivity of Na�on as a
function of water activity at di�erent
temperatures. The empirical �t to the

data is given by
σp = 1.3 · 10−7exp(14a0.2w ) S/cm

E�ective di�usion coe�cient of water in
EW 1100 Na�on as a function of water

activity and temperature and can be �tted
Dw = 0.265a2wexp(−3343/T ) cm2/s



Membrane e�ciency and electro-osmotic coupling

Coupling coe�cient q

q =
L̂H3O+w√
L̂ww L̂H3O+w

=
FLH3O+ w

MH3O+

√
ρwMwT

R
Dw (aw ,T )σ(aw )

LH3O+ w is unknown electro-osmotic coe�cient
Force ratio y

y =

√
LH3O+H3O+Xe√

LwwXw

=

√
Mwρwσp
ρ2RTDw

∇φ
∇aw



Maximal e�ciency and maximal coupling

The unknown dependance between thermal e�ciency ηm(y , q) and
electro-osmotic coupling q (or LH3O+ w ) is determined from the maximum
condition

dηm
dy

= 0, i.e., y1 =
−1 +

√
1− q2

q
and y2 =

−1−
√
1− q2

q

ηmmax =
q2 − 2 + 2

√
1− q2

3q2 − 4 +
√
1− q2

=
y21

y21 + y22 − 1
and εe.w max =

−1 +
√
1− q2

q
= y1 (3)

Maximum coupling condition for Hydronium ions H3O+

y1 =

√
Mwρwσp
ρ2RTDw

∇φ
∇aw

< 0 for q ∈ (0, 1)

Water concentration gradient (e.g., ∇aw ∼ daw
dx

) has to have the opposite

direction to the potential gradient ∇φ ∼ dφ
dx
.



Coupling coe�cient�e�ciency dependence

The

in�uence of coupling coe�cient on the values of the thermal

e�ciency of Hydrogen fuel cell and on the e�ciency of PEM.



FC e�ciencies close to operating conditions

The thermal and PEM e�ciencies close to the operation conditions. Coupling
coe�cient q is really very close to 1.



Coupling in�uence on proton conductivity and water
di�usivity

The coupling coe�cient q depends on the thermal e�ciency ηm and
consequently on the power w and in�uences strongly the proton conductivity
and water di�usivity.

i = −
√
1− q2σp(aw )∇φ

Jw = −ρw0
√
1− q2Dw (aw )∇aw



Polarization curve - Input data

Polarization curve (V , i) follows directly from the general formula
for ẇe, act = ẇe, act(η, ηm, τ, γ0) putting

η =
−i Vcell

∆̇H in

, ∆̇H in = Vth T,pzeFṄH2 in
= −i Vth T,p , ẇe act =

i Vcell

Ẇe ref

, for Ẇe ref = γHγ0T1

I Vth T,p = −∆H
2F = 284.18

2·96.485 = 1.473 V is the electric potential corresponding to the higher

heating value at actual temperature T = 353 K, pressure p = 101.3 kPa and fuel concentration
(pure Hydrogen and Air)

I Veq T,p = −∆G
2F = 1.184 V is equilibrium cell potential at actual temperature T = 353 K,

pressure p = 101.3 kPa and fuel concentration (pure Hydrogen and Air). Corresponding

theoretical e�ciency (open circuit performance) is ηth =
Veq T,p
1.473

= 0.8038 ' 0.8.

I ze is number of exchanged electrons (for H2, ze = 2) and ṄH2 act
[mol/cm−2s] is actual fuel

(H2) consummation (utilized fuel only).

I The total incoming power is ∆̇H in = Vth T,pzeFṄH2 in
, ∆̇G = Veq T,pzeFṄH2 act

is into the

electric power converted part, and measured outgoing power density is

i Vcell = ẇe actẆe ref [Wcm−2] .



Polarization curve-Implicit form

Implicit relation between voltage and current density

Vcell =
Vth T ,p

2

[
τηm

(1− ηm)
− (ηm − γ0)i Vcell

(1− ηm)Ẇe ref

]
×(

1−

√
1+

4(1− ηm)ηmẇe act

[ẇe act(ηm − γ0)− τηm]2

)

The membrane e�ciency ηm is calculated from the general formula,

when the transport processes are neglected, i.e., γ0 = 0. Explicit

form Vcell = Vcell (i , Ẇe ref ,Vth T ,p, ηth, τ, γ0, σp, lmol ) we �nd

putting

Vcell = ηVth T ,p and ẇe act =
i Vcell

Ẇe ref



Including the coupling and internal resistance
Coupling q between proton current and water �ux is expressed by actual
electric power

Ẇe, act = iVcell = ẇe, actẆe, ref = −
√
1− q2σpVcell

∂φ

∂x

'
√
1− q2σp

(
V 2
cell

lm

)
lm is the thickness of PEM
Electro-osmotic factor

√
1− q2 is replaced by the aprox. formula

ηm, coupl = 1− 1.6
√
1− q2 so that the coupling is described by

ηm, coupl = 1− 1.6ẇe, actẆe, ref

σp

(
V 2

cell
lm

)
and included in the �nal PEM e�ciency

ηm, f = ηmηm, coupl

The passive resistance Ri [Ω] coming from the connecting wires and the
electrodes and GDL (no from the PEM)

Vcell,f = Vcell − iRi



Comparison with the experiments

Accelerating test procedure according to JRC Scienti�c and Technical Reports
Test Module PEFC SC 5-4
The tested cell provided PaxiTech and is marked as MEA S50-5L with area 50
cm2

catalyst 70 % Pt/C, catalyst loading 0.5 mg Pt·cm−2 and membrane thickness
50 µ m.



Reverse �ow study
The existence of the double layer changes the potential between the electrodes.
For very low supply of the fuel (open circuit conditions) the anodic current is
higher then cathodic current



Reverse �ow study-Butler-Volmer equation

the exchange current density depends on the actual concentrations of fuels (in
our case the Hydrogen and Oxygen) and transfer coe�cients αa, αc , i. e.,

i0 = 2Fkan
0.5
02 exp

[
αaFVeq T ,p

RT1

]
= 2FkcnH2exp

[
−αcFVeq T ,p

RT1

]
(4)

where nH2 , nO2
[mol/m3] are fuel concentrations, ka, kc [1/s] are the unknown

reaction rates (activity of the catalysts layers), F = 96.485 [C/mol], R = 8.314
[J/(mol K)]. The concentration of [O2] is used instead of the unknown
concentration of [H+].
For the loaded FC the electrode potential changes from its zero current value
Veq T ,p to the actual value Vcell and the Butler-Volmer equation has usual form

i = i0

[
exp

[
αaF (Vcell − Veq T ,p)

RT1

]
− exp

[
−αcF (Vcell − Veq T ,p)

RT1

]]
where the di�erence Vcell − Veq T ,p is called overpotential.



Butler-Volmer study



Transfer coe�cient



Reverse �ow-Thermodynamic theory



Summary

I The splitting of the work on the volumetric and non-volumetric get new
possibility to formulate electro-chemical processes

I Close to the steady state is the entropy production compensated by the
decrease of entropy and entropy �ux is "almost"constant

I The e�ciency of the energy transformations depends on the power and
has the maximum. This analysis o�ers to �nd the optimal design and
operation conditions.

I The coupling between di�erent processes is self-regulated to reach the
minimum entropy production (minimum entropy decrease)
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